Sydney Girls High School
2023
Trial Higher School Certificate
Examination

Mathematics Extension 2

General e Reading time — 10 minutes
Instructions ) )
e Working time — 3 hours
e Write using a black pen
e Calculators approved by NESA may be used
e A reference sheet is provided

e In Questions 11-16, show relevant mathematical reasoning

and/or calculations

Total marks: Section I — 10 marks
100 .
e Attempt Questions 1-10
e Allow about 15 minutes for this section

Section II — 90 marks
e Attempt Questions 11-16

e Allow about 2 hours and 45 minutes for this section

Name: THIS IS A TRIAL PAPER ONLY

............................................................... It does not necessarily reflect the format
or the content of the 2023 HSC

Examination Paper in this subject.




Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks
1 Letz=1+V3i. What is z in mod-arg form? 1
A. cos%+ising C.2(cos%+ising)
B. cos%+isin% D.2(cos%+isin%)
2 Given that z = 1 +2i is a root of the equation z> — (3+i)z+ k = 0, what is the value 1
of k?
A. k=3i C. k=2-1
B. k=1-2i D. k=4+3i
3 Given the statement 1

In AABC, sinA = \/75 — A =060°.

Which of the following is correct?

A. The original statement is false and the converse statement is false.
B. The original statement is false and the converse statement is true.
C. The original statement is true and the converse statement is false.

D. The original statement is true and the converse statement is true.



4  Which of the following expressions is equal to / dx?

x(Inx)?2

1 1
A —+C C. In[-|+C

In x X

1 N 1

- T3 D. -—+C

(Inx)3 Inx

—_— —_—

S The points A, B and C are collinear where OA =i+j, OB =2i—-j+k, and
OC=3i+aj+bk.

What are the values of a and b?

A.a=-3,b=-2 C.a=-3,b=2
B.a=3,b=-2 D.a=3,b=2
6 A particle is moving on a line with simple harmonic motion. At time # seconds it

has displacement x metres from a fixed point on the line and velocity v m/s given
by

1 5
v = —Exz +2x + 5
What is the period of the motion?
A. 7 seconds C. 2 seconds
B. 7V?2 seconds D. 27V?2 seconds

7 Let z be a complex number where 0 < Arg(z) < % Which of the following is
correct?

A. iz lies in the second quadrant and z — iz lies in the first quadrant.
B. iz lies in the second quadrant and z — iz lies in the fourth quadrant.
C. iz lies in the fourth quadrant and z — iz lies in the first quadrant.

D. iz lies in the fourth quadrant and z — iz lies in the second quadrant.



2 (27

8 The equation 2> = 1 has roots 1, w, w?, w3, and w*, where w = ¢'5 .

What is the value of (1 — w)(1 — w?)(1 — w3)(1 — w*)?

A. -5 C. 4

B. -4 D.5

9 Recall that the probability density function of the standard normal distribution is
given by

1
#(z) = ¢ for —oo0 < 7 < 00
2

and hence, by the empirical rule,

| 1.2
——e 2% dz ~0.95.
-2 V2w

Which of the following integrals has the largest value?

b/g 1
A. / cos® x dx C. / tan~! x dx
0 -3
2 L5 e
B. / e 2% dx D./ Vinx dx
) 1

10 Let a, b and ¢ be positive real numbers. Which of the following expressions has
the smallest minimum value?

+b)(b+ + 1 1 1
PURCALIICALICRL) C. (a+_)(b+_)(c+_)
abc a b c

a+b b+c a+c 1 1
D. b e

B. - + y + . (a+ +c)(a+b+c)

Examination continues overleaf. . .



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section.

Answer each question on the writing paper supplied. Start each question on a NEW page.
Extra writing paper are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Start on a NEW page Marks
(a) The complex numbers z = 3 (cos Z +isinZ) and w = 2¢'3 are given.
(i) Express z in exponential form. 1
(i)  Find the value of zw, giving the answer in the form re’®. 2
(b) Consider the vectorsa=1+2j+3k,b=2i+pj+4kandc=-2i+4j+5k. 3

For what values of p are b + a and b — ¢ perpendicular?

(©) Use integration by parts to find / xe* dx. 3
(d) A particle starts from rest at the origin with acceleration given by 3
a=v+v,

where v is the velocity of the particle.
Find an expression for x, the displacement of the particle, in terms of

V.

2023

(e)  Fully simplify (12)%*2, where z = cos 5% — i sin 5% 3

Examination continues overleaf. . .



Question 12 (15 marks) Start on a NEW page Marks

(a) Prove by contraposition that if #n> — n is not divisible by 4, then n must be even. 3

1
(b) Using a trigonometric substitution, or otherwise, find / \/:23 dx.
(1-x%)
Give your answer without trigonometric functions.
1 1 1 -1
(©) Consider the linesty = 3 [+A4|—-4|andrp =| 2 |+u| 3 |, where 4, u € R, 3
-2 7 -1 1
Assuming these lines are neither parallel nor perpendicular, determine
whether the lines intersect or are skew.
(d) Sketch the region of the complex plane defined by |z — 3i| < 2|z]. 3
(e) A particle undergoes simple harmonic motion with period 7 seconds and 2

amplitude A cm.
What is its maximum speed?

Examination continues overleaf. . .



Question 13 (15 marks) Start on a NEW page Marks
(a) (i) Given that 3
5-5¢ A , B+ C
(1+2x)(1+x2)  1+2x  1+x2°
find the values of A, B, and C.

.. ) 2 5cosx
(i1)) Hence, or otherwise, find the exact value of / - dx 3
o l+2sinx+cosx

. . . X
using the substitution ¢ = tan 7

(b) Prove that /p is irrational, where p is a prime number. 3
(©) Use mathematical induction to prove that for all integers n > 2, 3
! + ! + ! +- 4 ! <2 !

12 22 32 n? n

(d) Let x and y be real numbers.
(i) Give a counterexample to disprove that 2xy > xy. 1
(i)  Prove that x> + y> > xy. 2

Examination continues overleaf. . .



Question 14 (15 marks) Start on a NEW page Marks

(a) The displacement, x metres, of a particle P from the origin O at time ¢ seconds is given
by
x =6c¢0s (2t + %) + cos(2t).
(1)  Show that P is moving in simple harmonic motion about O. 3
(i)  Find the amplitude of this motion, correct to 1 decimal place. 3

(b) Consider a sphere S, centred at point C(2, —1,0) with radius V29.

Consider also the line ¢ with parametric equations
x=A+1,y=4, z=24+3.

(i) Find the vector equation of line ¢, writing your answer in the form 1
1 =a+ Ad, where a and d are expressed as column vectors.

It is known that ¢ intersects the surface of S at points P and Q.
(i1))  Find the coordinates of P and Q. 3

(iii)  Hence, or otherwise, determine whether PQ is a diameter of S, showing 1
all necessary working.

(©) In the Argand diagram, points A, B, C and D represent the complex numbers «, 5, y
and ¢ respectively.

(i) Ifa+vy=pB+03,showthat ABCD is a parallelogram. 2
(i) If ABCD is a square with vertices in anticlockwise order, show that 2
v+ia=pB+if.

Examination continues overleaf. . .



Question 15 (15 marks) Start on a NEW page Marks

(a) Two bodies, A and B, are attached by a light, inextensible string. The string is placed
over a smooth pulley on the ridge as shown.

The body A has a mass of 10kg and is supported against a smooth plane of angle 50°.
The body B has a mass of m kg and is supported against a smooth plane of angle 40°.

The two bodies are at rest before being released. After they are released, A moves
up the plane and B moves down the plane at a constant velocity.

(i) Briefly explain why the net force in the direction of motion for each 1
body is zero. In your explanation, you must make reference to the given
velocity.

(ii) By considering the forces acting on each body, or otherwise, determine 3

the value of m, correct to 1 decimal place.

(b) You are given that set of rational numbers Q is closed under the four operations.

That is, if r, s € Q, then

* r+s€Q e rseQ
r (Do NOT prove this.)
s r—s5seQ y EEQ

Suppose ABC is a triangle such that each side length is a rational number.

Leta =BC,b=AC,c=ABand a = /BAC.

(1) By using the cosine rule in triangle ABC, or otherwise, show that cos « 1
is rational.

(i1)) Using de Moivre’s theorem and the binomial expansion of 3
(cosa +isin a/)s, or otherwise, deduce that cos S« is rational.

Examination continues overleaf. . .



(©) Suppose that line £; has vector equation

Cos ¢ + V3
r=21| V2sin¢
Ccos ¢ — V3
and that line £, has vector equation
1
r=ul 0
-1

where A, u € R.
(1) Show that the acute angle 6 between ¢; and ¢; is independent of ¢.

(ii) A plane has equation x — z = 4V3. The line ¢, meets this plane at C.
Find the coordinates of C.
(iii)  The line ¢; intersects the plane x — z = 4V/3 at the point P.

Show that as ¢ varies, P describes a circle of centre C and radius 242.

Examination continues overleaf. . .
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Question 16 (15 marks) Start on a NEW page Marks

(a) Let f(x) be a concave down function on a given interval and let x, x, and x3 lie in the
given interval.
Jensen’s inequality states that

S+ fx) + flxs) _ (xl + X2 +X3)
<f .
3 3
(Do NOT prove this.)
(i) Show algebraically that f(x) = sinx is concave down for 0 < x < 7. 1
(1)  Suppose that A, B and C are the angles of a triangle. 2

By using part (i), or otherwise, show that

3v3

sinA+sinB+sinC < e

Examination continues overleaf. . .
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2n—1 x2n+1

(b) (i) Show that ——— — — 21T — 22,
Vi-x2 V1-x2
1 x2n—l
(ii) Forevery integer n > 1, let Ip,—1 = /
0 VI -—x2

Using integration by parts and the result from part (i), or otherwise,

show that forn > 1,
2n
Ly = (2n " 1) Iy

(iii))  Using part (ii), or otherwise, show that

I 3 2" X n!
T N 3x S5 X x (2n+ 1)

(iv)  Using part (iii), or otherwise, show that

Ly 1| X K 2n+l
/0 1—x2dx+ 0 ;(Cn 1 —x? )] 2(2”+1)2
where C,, = 13 725;1)1 1);1 ’(jn D
You are given that
0o 2+ 0 L 2n+l
/ Z( l—x) dx:;C”/o md’“
(Do NOT prove this.)

Examination continues overleaf. . .
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(b) v)

(vi)

The inverse sine function sin~!

(o]
sinT! x = x + Z Cpx2!

n=1
I X3x5%x---x(2n-1)

(2n+1)2"n!
1

where C,, =

Using this definition of sin~
otherwise, show that

Hence, or otherwise, find the limiting value of S if

I 1 1

TRttt e’

End of paper

13

x can be defined by the following series:

x and the result from part (iv), or

2
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Question 12
3 (a) Suffices 4o show that f n is odd,
then v =n s divisible oy 4. S
Lek w=2k-l keZ ../
Sond-n = n(n?-)
= n -0+
= (2k-1) (2k - 2)(2k)
= 4(2k-Y(k-)k
whiclh s devicible lhj 4

[ () Lek x=sin /

Ax = cos O db

J dx
-y

_ cos @ d6 /

) J(1=sin*0)?




- cos b
[ cos"f@)%(

:)5/6/0[9

Cos*6

db

:J 5€C29 d6

() Lines intersect i£ :
[+ A= 1= pm
A=-pm O



Sub these into @3
-1+ 7(1y = -1
This is false.

.. Ne Pom+5 ot intersection. \/
[i-e. Ahe [ines are skew3
(d) Le+t 2=)C+1°j.

|x+iy=34] < 2|x+1’j| /
Jx2+[j.-3\7' < 2,|)c1+j"
x+ (y-3)" < dx* + 4’jz
3+ 4y -y +ey-q > O
3y + 'sz-l- 61— 9 >0

.+ j7‘+2_~j— 3 > 0
X+ (j-\-\)’) 4 /




let x = A coslut +x) +c

x = —An sin (vt —|—o()

:—Z%Ay‘n(w-é F )

_ 2wl
T

_ 27A \/
ST

.. max Speacl = ‘




B2 Commendts

(a) Verj well done, Most studeats

were able 4o correc ly state and

prove the coatraposifive.

(6) Quite well done. Common errors

included USMJ +he wm] sugstifution

(C-]. X = '|'an9)l alge‘wm‘c erm/s/ an o

not R pressing the oaaswer in  Ferws

of X.

() Vefj well dove, There were «

VOI\'eiiJ o  orrect respoases O(Q',peﬂdid)

on  which equations wet solved

Simu | faneously I%rs-l-,
J

()  Students S+rw:-‘73|ec( with  4his

part. The 'Oijjesek PN“&M was

hat some ctudeats did ot

Ruow Uow 4o start (et %=x+4‘7\)




which  wede i+ impossible to wake

proovess,
v <

(&)

Quf-}a wcl( Jowe.. Covmmon esr/ovs

e luoled nejo.l-we. waxiwuwr  speed,

or QX?r&sg(wj +he avuswer in terws

of n ingtead of T




















































| Cosg +Vz ~
E{ c/i) Vi = (x S¢ L

~ &35_@',\/’31
T 4
E— o JV(L_O:L] < L?—-
B_,K’\_:; /h{ K?: .(035—
Coso - 1.V  gugavz+0+Va-csgd)/”
of-[el = (ul 5!
CoS 6 = 2V _
\/(COS @+ ‘[3_.)7,_‘_(5 Sia QJ gt @95 J- \E)Lx l/l?'+ O é—t)l
s V2
VEOS'L’%_}QECQS‘?_,,; 4 2.5'1:7?4— Cﬂ?——ﬂg_(aff—# 3 -;1\/;:-
(0S¢ = ’N{,_ v
(2(siig + cfd) + 6 xV>
CaSﬁ‘ —_ lﬁ_ —_ = 1'2,_.[3-— — [E.
VE Vo 4 2-

(os 6 IS fndeﬂ‘e“Og%—F o’% j t/

Q. b{"fu/ee(/\
o o= 7 The acude an
" & Qs ad b B ndspe-d o731 4.






Question [§

(M
) fit] = sint
:f (%) = (IS
rla) = it <0 Jor 0CALTU, Gt gL YO

,f,,., 0<n ¢ TU
‘ f(x) is concevie down «fw 0L L TU. /
[omment

Somg,  studtnts il pot  gknow they hed 4
Show ot ") <o 4 Prove  Ahat (FL%)
IS toncave Jown,

\\

(ii) Let .F{ot): S, % - A = (,
SmA + sinh +s'|n(_, .ﬂ A+61’0>
5

:S'm(%—) /
B

NSmMA Y smB tsin (U £ % /

[ omment

Some  students did not uwse  the /fm’r Hhat
ArB+(, =T .



(o)

. 0
(i) W@mm/wmyuéﬁ,,)

qn-1 | il
JI o A ——J L

n ,
|
T Izm—l
an
M-l an
_ an+ | I2Wf\ T
an




_ an
[”'> Iam( - Izw—\

Int
n In-2

= Sl I2vs—'5
antl  an-|

- ZV\ 2“"’7’ L I_ /
ant | In- A L) |
|

I| = [ v d

LI A

\\!
—
\
1
*\-’
)
o —

2nx 2(n-1)xox2 )

il ’ (3”%\) (Zn—-ﬂ - 3|

no /
_ 9" !

[XHAE XX (QnH)

Lomment

Students need 4 end with Il [in s ca5e>,
and.  evalwale 1| fo o oworded ,full mar ks,



T, = 1
v ) / an+|
) J' Y s 7L J' o I

13

O J-r n= I —

2RI KG X (20-1) 2" ¥l

("
+

w |

e
-1+ 7 (‘2"*‘51

z
-
n=

7 — /

\

n=0 (2n+ I)L
mt|
) _smw % oi L 2
= +
\/ By Ag [~ n=| Vi-x?

\ (‘2”"'|>lnn“ !xzxs'x--‘x(znﬂ‘)

/

/

lnféﬂmfﬁ% bl sidey  werete 2 /fy.;vv\ 1=0 b A= [

J' 't 5 L (femt)
9 \/ 2 » (2n+1)
|I-% n=9
L A
L (Sm ‘)(.)} = Z_ (2W+I)7‘
2 o n=0
L
s - (5
n="0 (ZYH ‘)2- 2






	2023 Sydney Girls High School - X2 - Trial - Questions
	2023-trial-cover-page
	2023 SGHS X2 Trial

	2023 Sydney Girls High School - X2 - Trial - Solutions
	2023 Maths Extension 2 Trial_Soln
	2023 Y 12 X2 Trial MCQ Sol

	2023 Y12 X2 Task 4 Q11 Sol + Feedback
	2023 Maths Extension 2 Trial_Soln
	2023 Y12 X2 Task 4 Q12 Sol + Feedback
	2023 Y12 X2 Task 4 Q13 & Q14 Sol + Feedback
	Q13
	Q14
	Q14ab
	14c


	2023 Y12 X2 Task 4 Q15 Sol + Feedback
	2023 Y12 X2 Task 4 Q16 Sol + Feedback





