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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Questions Marks

1 Let I = 1 +
√

38. What is I in mod-arg form?

A. cos
c

3
+ 8 sin

c

3

B. cos
c

6
+ 8 sin

c

6

C. 2
(
cos

c

3
+ 8 sin

c

3

)

D. 2
(
cos

c

6
+ 8 sin

c

6

)

1

2 Given that I = 1+ 28 is a root of the equation I2 − (3+ 8)I + : = 0, what is the value

of :?

A. : = 38

B. : = 1 − 28

C. : = 2 − 8

D. : = 4 + 38

1

3 Given the statement

In △���, sin � =

√
3

2
=⇒ � = 60◦.

Which of the following is correct?

A. The original statement is false and the converse statement is false.

B. The original statement is false and the converse statement is true.

C. The original statement is true and the converse statement is false.

D. The original statement is true and the converse statement is true.

1
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4 Which of the following expressions is equal to

∫
1

G(ln G)2
3G?

A.
1

ln G
+ �

B.
1

(ln G)3
+ �

C. ln

(
1

G

)
+ �

D. − 1

ln G
+ �

1

5 The points �, � and � are collinear where
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
$� = i˜+ j˜,

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗
$� = 2 i˜− j˜+ k˜, and⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

$� = 3 i˜+ 0 j˜+ 1 k˜.

What are the values of 0 and 1?

A. 0 = −3, 1 = −2

B. 0 = 3, 1 = −2

C. 0 = −3, 1 = 2

D. 0 = 3, 1 = 2

1

6 A particle is moving on a line with simple harmonic motion. At time C seconds it

has displacement G metres from a fixed point on the line and velocity E m/s given

by

E2
= −1

2
G2 + 2G + 5

2
.

What is the period of the motion?

A. c seconds

B. c
√

2 seconds

C. 2c seconds

D. 2c
√

2 seconds

1

7 Let I be a complex number where 0 < Arg(I) <
c

4
. Which of the following is

correct?

A. 8I lies in the second quadrant and I − 8I lies in the first quadrant.

B. 8I lies in the second quadrant and I − 8I lies in the fourth quadrant.

C. 8I lies in the fourth quadrant and I − 8I lies in the first quadrant.

D. 8I lies in the fourth quadrant and I − 8I lies in the second quadrant.

1
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8 The equation I5
= 1 has roots 1, l, l2, l3, and l4, where l = 48

2c
5 .

What is the value of (1 − l)(1 − l2)(1 − l3)(1 − l4)?

A. −5

B. −4

C. 4

D. 5

1

9 Recall that the probability density function of the standard normal distribution is

given by

q(I) = 1
√

2c
4−

1
2
I2

for −∞ < I < ∞

and hence, by the empirical rule,

∫ 2

−2

1
√

2c
4−

1
2
I2

3I ≈ 0.95.

Which of the following integrals has the largest value?

A.

∫ c

0

cos5 G 3G

B.

∫ 2

−2

4−
1
2
G2

3G

C.

∫ 1

−
√

3

tan−1 G 3G

D.

∫ 4

1

√
ln G 3G

1

10 Let 0, 1 and 2 be positive real numbers. Which of the following expressions has

the smallest minimum value?

A.
(0 + 1)(1 + 2)(0 + 2)

012

B.
0 + 1

2
+ 1 + 2

0
+ 0 + 2

1

C.

(
0 + 1

0

) (
1 + 1

1

) (
2 + 1

2

)

D. (0 + 1 + 2)
(
1

0
+ 1

1
+ 1

2

)

1

Examination continues overleaf. . .
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Section II

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section.

Answer each question on the writing paper supplied. Start each question on a NEW page.

Extra writing paper are available.

For questions in Section II, your responses should include relevant mathematical reasoning

and/or calculations.

Question 11 (15 marks) Start on a NEW page Marks

(a) The complex numbers I = 3
(
cos c

4
+ 8 sin c

4

)
and F = 248

c

3 are given.

(i) Express I in exponential form. 1

(ii) Find the value of IF, giving the answer in the form A48\ . 2

(b) Consider the vectors a˜= i˜+ 2 j˜+ 3 k˜, b˜ = 2 i˜+ ? j˜+ 4 k˜ and c˜= −2 i˜+ 4 j˜+ 5 k˜.

For what values of ? are b˜+ a˜ and b˜− c˜perpendicular?

3

(c) Use integration by parts to find

∫
G4G 3G. 3

(d) A particle starts from rest at the origin with acceleration given by

0 = E3 + E,

where E is the velocity of the particle.

Find an expression for G, the displacement of the particle, in terms of

E.

3

(e) Fully simplify (8 I)2023, where I = cos c
289

− 8 sin c
289

. 3

Examination continues overleaf. . .
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Question 12 (15 marks) Start on a NEW page Marks

(a) Prove by contraposition that if =3 − = is not divisible by 4, then = must be even. 3

(b) Using a trigonometric substitution, or otherwise, find

∫
1√

(1 − G2)3
3G.

Give your answer without trigonometric functions.

4

(c) Consider the lines r1˜ =

©­«
1

3

−2

ª®¬
+_ ©­«

1

−4

7

ª®¬
and r2˜ =

©­«
1

2

−1

ª®¬
+ `

©­«
−1

3

1

ª®¬
, where _, ` ∈ R.

Assuming these lines are neither parallel nor perpendicular, determine

whether the lines intersect or are skew.

3

(d) Sketch the region of the complex plane defined by |I − 38 | < 2|I |. 3

(e) A particle undergoes simple harmonic motion with period ) seconds and

amplitude � cm.

What is its maximum speed?

2

Examination continues overleaf. . .
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Question 13 (15 marks) Start on a NEW page Marks

(a) (i) Given that
5 − 5G2

(1 + 2G)(1 + G2)
=

�

1 + 2G
+ �G + �

1 + G2
,

find the values of �, �, and �.

3

(ii) Hence, or otherwise, find the exact value of

∫ c

2

0

5 cos G

1 + 2 sin G + cos G
3G

using the substitution C = tan
G

2
.

3

(b) Prove that 3
√
? is irrational, where ? is a prime number. 3

(c) Use mathematical induction to prove that for all integers = ≥ 2,

1

12
+ 1

22
+ 1

32
+ · · · + 1

=2
< 2 − 1

=
.

3

(d) Let G and H be real numbers.

(i) Give a counterexample to disprove that 2GH ≥ GH. 1

(ii) Prove that G2 + H2 ≥ GH. 2

Examination continues overleaf. . .
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Question 14 (15 marks) Start on a NEW page Marks

(a) The displacement, G metres, of a particle % from the origin $ at time C seconds is given

by

G = 6 cos
(
2C + c

4

)
+ cos(2C).

(i) Show that % is moving in simple harmonic motion about $. 3

(ii) Find the amplitude of this motion, correct to 1 decimal place. 3

(b) Consider a sphere S, centred at point � (2,−1, 0) with radius
√

29.

Consider also the line ℓ with parametric equations

G = _ + 1, H = _, I = 2_ + 3.

(i) Find the vector equation of line ℓ, writing your answer in the form

r˜= a˜+ _d˜, where a˜ and d˜ are expressed as column vectors.

1

It is known that ℓ intersects the surface of S at points % and &.

(ii) Find the coordinates of % and &. 3

(iii) Hence, or otherwise, determine whether %& is a diameter of S, showing

all necessary working.

1

(c) In the Argand diagram, points �, �, � and � represent the complex numbers U, V, W

and X respectively.

(i) If U + W = V + X, show that ���� is a parallelogram. 2

(ii) If ���� is a square with vertices in anticlockwise order, show that

W + 8U = V + 8V.

2

Examination continues overleaf. . .
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Question 15 (15 marks) Start on a NEW page Marks

(a) Two bodies, � and �, are attached by a light, inextensible string. The string is placed

over a smooth pulley on the ridge as shown.

50◦ 40◦

�
�

10 kg
< kg

The body � has a mass of 10 kg and is supported against a smooth plane of angle 50◦.
The body � has a mass of < kg and is supported against a smooth plane of angle 40◦.

The two bodies are at rest before being released. After they are released, � moves

up the plane and � moves down the plane at a constant velocity.

(i) Briefly explain why the net force in the direction of motion for each

body is zero. In your explanation, you must make reference to the given

velocity.

1

(ii) By considering the forces acting on each body, or otherwise, determine

the value of <, correct to 1 decimal place.

3

(b) You are given that set of rational numbers Q is closed under the four operations.

That is, if A, B ∈ Q, then

• A + B ∈ Q

• A − B ∈ Q

• AB ∈ Q

•

A

B
∈ Q

(Do NOT prove this.)

Suppose ��� is a triangle such that each side length is a rational number.

Let 0 = ��, 1 = ��, 2 = �� and U = ∠���.

(i) By using the cosine rule in triangle ���, or otherwise, show that cosU

is rational.

1

(ii) Using de Moivre’s theorem and the binomial expansion of

(cosU + 8 sinU)5, or otherwise, deduce that cos 5U is rational.

3

Examination continues overleaf. . .
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(c) Suppose that line ℓ1 has vector equation

r˜= _
©­­«
cos q +

√
3√

2 sin q

cos q −
√

3

ª®®¬
and that line ℓ2 has vector equation

r˜= `
©­«

1

0

−1

ª®¬
where _, ` ∈ R.

(i) Show that the acute angle \ between ℓ1 and ℓ2 is independent of q. 3

(ii) A plane has equation G − I = 4
√

3. The line ℓ2 meets this plane at �.

Find the coordinates of �.

1

(iii) The line ℓ1 intersects the plane G − I = 4
√

3 at the point %.

Show that as q varies, % describes a circle of centre � and radius 2
√

2.

3

Examination continues overleaf. . .
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Question 16 (15 marks) Start on a NEW page Marks

(a) Let 5 (G) be a concave down function on a given interval and let G1, G2, and G3 lie in the

given interval.

Jensen’s inequality states that

5 (G1) + 5 (G2) + 5 (G3)
3

≤ 5
(G1 + G2 + G3

3

)
.

(Do NOT prove this.)

(i) Show algebraically that 5 (G) = sin G is concave down for 0 < G < c. 1

(ii) Suppose that �, � and � are the angles of a triangle.

By using part (i), or otherwise, show that

sin � + sin � + sin� ≤ 3
√

3

2
.

2

Examination continues overleaf. . .
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(b) (i) Show that
G2=−1

√
1 − G2

− G2=+1

√
1 − G2

= G2=−1
√

1 − G2. 1

(ii) For every integer = ≥ 1, let �2=−1 =

∫ 1

0

G2=−1

√
1 − G2

3G.

Using integration by parts and the result from part (i), or otherwise,

show that for = ≥ 1,

�2=+1 =

(
2=

2= + 1

)
�2=−1.

3

(iii) Using part (ii), or otherwise, show that

�2=+1 =

2= × =!

1 × 3 × 5 × · · · × (2= + 1) .

2

(iv) Using part (iii), or otherwise, show that

∫ 1

0

G
√

1 − G2
3G +

∫ 1

0

[ ∞∑
==1

(
�=

G2=+1

√
1 − G2

)]
3G =

∞∑
==0

1

(2= + 1)2

where �= =
1 × 3 × 5 × · · · × (2= − 1)

(2= + 1)2= =!
.

You are given that

∫ 1

0

[ ∞∑
==1

(
�=

G2=+1

√
1 − G2

)]
3G =

∞∑
==1

�=

∫ 1

0

G2=+1

√
1 − G2

3G.

(Do NOT prove this.)

2

Examination continues overleaf. . .
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(b) (v) The inverse sine function sin−1 G can be defined by the following series:

sin−1 G = G +
∞∑
==1

�=G
2=+1

where �= =
1 × 3 × 5 × · · · × (2= − 1)

(2= + 1)2= =!
.

Using this definition of sin−1 G and the result from part (iv), or

otherwise, show that

1 + 1

32
+ 1

52
+ 1

72
+ · · · = c2

8
.

2

(vi) Hence, or otherwise, find the limiting value of ( if

( = 1 + 1

22
+ 1

32
+ 1

42
+ 1

52
+ 1

62
+ · · ·

2

End of paper
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Question 12

3 a Suffices to show that if n is odd

then n n is divisible by 4

Let n 2k 1 REZ
m3 n n n i

n n 1 nti

2k 1 2k 2 2k

4 2k 1 k 1 h
which is divisible by 4

4 b let se sing

doe cos 0 do

i S ax
1 a 3

cos 0 do
I sin 013



f
cost

do
cos 01

i do

seco do

tano C I

JC O

i se
t C Ji so

3
c Lines intersect it

I X l M
gu 1

3 41 2 3 4

1 47 314 2

2 77 1 M
It 77 14 3



Sub I into 2

1 4 4 3 4

µ I

i X I

sub these into 3

I 7 1 1

This is false
No points of intersection

i.e the lines are skew

3 d Let Z xtiy
sctiy si c 2 xtiy
se't ly 312 2 sity
se't ly 3 4 it 4y
3 c 4y y't by 9 0

3 it 3y by 9 0

sit y't 2y 3

Ofse't ly ti 4



ay

l
B B

x

yI

3
sixty it 4

2 e t It n I
Let x HoosCut a c

ji An sin attn

ZITA
sinlutta

max speed
TA
T

ZIA



012 Comments

a Very well done Most students

were able to correctly state and

prove the contrapositive

b Quite well done Common errors

included using the wrong substitution

e g se tant algebraic errors and

not expressing the answer in terms

of SC

e Very well done There were a

variety of correct responses depending

on which equations were solved

simultaneously first

d students struggled with this

part The biggest problem was

that some students did not

know how to start let 2 sexy



which made it impossible to make

progress

e Quite well done Common errors

included negative maximum speed
or expressing the answer in terms

of n instead of T
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